Abstract. We show that a metric Jordan curve Γ is bounded turning if and only if there exists a weak-quasisymmetric homeomorphism ϕ : S 1 → Γ.
Recall that a metric space is doubling if there is a constant N such that every ball of radius r can be covered by at most N balls of radius r/2. Note that every Jordan curve Γ ⊂ R n is doubling. Definition (1.3) for quasisymmetry appears in [TV80] . In earlier work (for example in [AB56] , [Ahl63] ) quasisymmetry is defined by (1.2); it is however only applied to maps where the two notions agree by the theorem cited above.
A quasicircle is the image of the unit circle S 1 by a quasisymmetric map. Ahlfors has given in [Ahl63] the following geometric characterization for planar quasicircles. For a Jordan curve Γ ⊂ C it holds that Γ is a quasicircle ⇔ Γ is bounded turning.
Tukia and Väisälä generalize this characterization to all metric Jordan curves in [TV80] , namely for a metric Jordan curve Γ it holds that Γ is a quasicircle ⇔ Γ is bounded turning and doubling.
If we call the weak-quasisymmetric image of the unit circle S 1 a weak-quasicircle, then Theorem 1.1 may be expressed as follows. For a Jordan curve Γ it holds that Γ is a weak-quasicircle ⇔ Γ is bounded turning.
It is easy to see that the quasisymmetric image of a doubling space is doubling (see [Hei01, Theorem 10 .18]). Thus one recovers from Theorem 1.1 together with Theorem 1.3 the Tukia-Väisälä characterization of quasicircles.
The first example of a bounded turning circle that is not a quasicircle was given by Tukia-Väisälä in [TV80, Example 4.12]. A simple catalog S of bounded turning circles that includes a bi-Lipschitz copy of any bounded turning circle is given in [HM] . A curve S ∈ S from this catalog is doubling, i.e., a quasicircle, if and only if a simple condition is satisfied.
1.2. Organization of the paper. The "if"-part of Theorem 1.1 is trivial. Namely, let ϕ : 
The rest of this paper concerns the construction of a weak-quasisymmetry ϕ : S 1 → Γ for a given bounded turning circle Γ. In Section 2 we show that we can restrict our attention to the case when Γ is 1-bounded turning. Also, an elementary lemma about dividing arcs into subarcs of equal diameter is proved.
In Section 3 we divide Γ into arcs Γ 
The diameter with respect to this metric of an interval
Note that |I| equals the Lebesgue measure of I in the case when |I| ≤ |S 1 \ I|.
Preliminaries
We first show that we can restrict our attention to 1-bounded turning circles. More precisely, we show that any bounded turning circle is bi-Lipschitz equivalent to a 1-bounded turning circle.
Then we prove that any arc can be divided into subarcs of equal diameter.
2.1. Diameter distance. Given any metric Jordan curve or Jordan arc Γ we define the diameter distance on Γ by
for all x, y ∈ Γ, where Γ[x, y] ⊂ Γ is the arc of smaller diameter between x, y. We record some properties of dd.
Lemma 2.1.
Here diam dd denotes the diameter with respect to dd.
To prove (3), first observe that for all
In the following, Γ[x, y] ⊂ Γ will always denote the arc of smaller diameter between points x, y ∈ Γ. Property (4) follows directly from (3), since dd(
It remains to establish (2). If Γ is C-bounded turning, then for all x, y ∈ Γ,
Thus the identity map id :
It is elementary that postcomposing an H-weak-quasisymmetry with an L-biLipschitz map yields an HL 2 -weak-quasisymmetry. Assume we have constructed for a given bounded turning circle Γ a weakquasisymmetry ϕ :
id − → Γ is the desired weak-quasisymmetric parametrization of Γ. Thus to prove Theorem 1.1 it is enough to construct a weak-quasisymmetry ϕ : S 1 → Γ for any 1-bounded turning circle Γ.
Dividing arcs.
Here we prove that any metric Jordan arc can be divided into any given number of subarcs, each having exactly the same diameter.
The problem of finding points on a metric Jordan arc such that consecutive points are at the same distance is a non-trivial problem. In 1930 Menger gave a proof [Men30, p. 487] ; that is short, simple, and natural, but wrong. It was proved for arcs in Euclidean space in [AB35] and in the general case (indeed in more generality) in [Sch40, Theorem 3]; see also [Väi82] .
For the case at hand, i.e., for bounded turning arcs, it suffices to find subarcs that have equal diameter. We give the following elementary proof for this problem. According to Lemma 2.1 (3), we may measure the diameter with respect to the diameter distance. Thus, using Lemma 2.1 (4), we may assume that A is 1-bounded turning, i.e., that for any [ 
Next we modify d to get a metric d that is strictly increasing in the sense that
The crucial point here is the strict inequality, which need not hold in general. To this end, fix > 0, and for all s, t ∈ [0, 1] set
Then from (2.2) it follows that 
Applying this procedure to all subintervals of maximal d -diameter we obtain a strictly smaller minimum for the function ϕ, which is impossible. Thus the minimum must be zero, and so we can subdivide 
The previous lemma is also true for metric Jordan curves Γ. In this case we are free to choose any point in Γ to be an endpoint of one of the subarcs.
3. Dividing Γ Consider a 1-bounded turning metric Jordan curve Γ. We fix a point a 0 ∈ Γ and an orientation of Γ.
For each n ∈ N we will divide Γ into arcs Γ 
The diameters of the arcs of the n-th subdivision are comparable; more precisely,
The diameters of the n-th and the (n + 1)-th subdivision are comparable; more precisely,
Licensed The last property implies that each arc Γ n ∈ Γ n is subdivided into at least four arcs Γ n+1 ∈ Γ n+1 . Before we construct these divisions of Γ, i.e., prove the previous lemma, we need some preparation. A be a 1-bounded turning arc, and let 0 < δ ≤ diam A. For each  n we divide A into n arcs A 1 , . . . , A n of equal diameter (see Lemma 2.2). Let n be the smallest integer such that diam
Lemma 3.2. Let
Proof. Let n be as in the statement. If n = 1, then δ = diam A, and there is nothing to prove.
Assume now that n ≥ 2. Assume that the statement is false. Then the subarcs of equal diameter A 1 , . . . , A n have common diameter diam A j < δ/2.
Assuming the A i and the A j are ordered in the same order along A, we see that one needs at least A 1 , A 2 , A 3 to cover A 1 . Similarly, at least the first five arcs A 1 , . . . , A 5 are needed to cover A 1 ∪ A 2 . Inducting over the arcs A 1 , . . . , A k proves the claim.
We obtain a contradiction when we set k = n − 1.
Proof of Lemma 3.1. We start by dividing Γ into arcs Γ To simplify the discussion we assume that |I| = 1. For the general case, if we write in the following "length of a subinterval is 1/4", it has to be replaced by "length of a subinterval is 1/4 · |I|", and so on. Case 2. N = 2m − 1 is odd. We divide I into N + 1 = 2m subintervals as in Case 1. We then take the union of the two middle subintervals, i.e., the two subintervals containing the midpoint c. License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
